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I II I III I I III I I II I III I I II III I II I I III I II III I I III I I II I IIIII II I II I I II I IIlI II I I
I Find the exact equation of the tangent to the curve

Iny = (l I —5x)2

at the point where x = 2.
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l (f) = c (1) - 5x)(-5)

yxx
= 2

= < (11 - 5()( -5)(e)

=

-
10e

X= 2 , y = 2

y- e = - 10e(X-2)

y =
- 10ex + 2/e -
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2 The first four terms of a sequence are given by = 10, 2 = 61, u = 206 and = 469. It is given
that un is a cubic polynomial.

(a) Find un in terms of n.

(b) Find the range of values of n for which un is greater than 25 000.

88

MDI 2023

-
S

let Un = ax3 + bx + cx +d

n=1 10 = a + b +2+ d
a= 4 b = 23

n= 2 6) = Sa + 4b + 2 c + d
c=

- 46d= 29

n =3 206 = 27a+ 9b +3 +d Y
n =4469 = 64a + 16b +4+ d

Un = 4x3 + 23x2 - 46x + 29

4x3 + 23x2 - 46x + 29725000

4x + 23x - 46x - 2497170

ny17 : nezt
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3 Vectors a and b are such that a.b = — 1. It is also given that (a x b + a) is perpendicular to (a x b + b).

(a) Show that lax l. [31

(b) Hence find the angle between the direction of a and the direction of b.

88
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(9 Xb + a) . (axb + b) = 0

(axy) · (axb) + (axb) - 2 + (axb) -a + a . b = 0

19xb - 1 = 0

: (ax) = 1 +

cost: S/8 =

lax bl
-

lab) lau

COSO =I
Sino

tano = -I

o=
T
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4 (a) Find cospxcosqxdx, where p and q are constants such that p q and p (21

(b) Given that n # 0, show that xcosm•dv = x sinnx cos nx +c, where c is an arbitrary constant.
[31
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= /Ecos(p+q)x + Ecos(p-q)xdx

Ix((p-q)

Sxcosuxdx = Esinnx- Stsinux &x U= X Av
= cosUx

ax

= 1 V = A sinx
=x
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(c) Using the result in part (b) show that, for all positive integers n, the value of xcos nxdr can be

expressed as 7, where the possible value(s) of k are to be determined. [2]

88

(d) Using the result in part (b) find the exact value of J i lxcos2xldr.

v)

88

88
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xcosuxdx =[x for n is odd

E for n is even

k = 0 or -2

T1/2 /4
-((xcos2x/dx =[+] +E

S

=[it + 01 - (f)] +[q - 1- E +0)]

=
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(r— l)(r+ 1)
= In5 (a) Use the method of differences to show that In

O UCLES & MOE 2023
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@°⑧. .
Inf-1 + In (r+D-2in ()

In 1 + In 3 - 2 In2

+ In 2 + 14-2 In 3

+In 3 + In 5- 2 In 4

+ 1n4
+ In 6-2 In 5

=-
In 2 + In (n + 1) - In n

I

:

+ Inh -3) + (n(n- 1) - 24n(n- 2) = In (2) - in2
=

+ m (n- 2) + Inn - 2(n(n+1)

↑ In (n - 1) + (n(n+1)- 2/nn
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(b) Show that the corresponding infinite series is convergent and state the sum to infinity. [21

88

2

88

20

(c) Show that In

88

88
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= In a , where a and b are integers to be found. [2]

97SVOl/U'N,23 Inn•n over

⑳⑧********↑>$are
em() = m In

= In1-In2

=

-
In 2

Sum to infinity : - In 2

In[D]
= In to -12-(Int - Inc)
= In 189

200

: a = 189 b = 200
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(a) doublc anglc formulnc. ghow that cog' 9 = I (cos4ø• 4cos29 3).

(b) 1 he region R lio in thc first quadrant and is bounded by the curve y = (9 — the r-a•ig
thc lines x e: 1.5 and x = 3. R is rotated about the x-axis through 27t radians. Using the
x • 3 sung. find the exact volume generated.

--

-

cos2A= 20sA- 1
cost0 : (20+) COA+ = cosA

los"20 + 210524+ 1 2

I-

4

= It 40t + cos20+ 1]
=- [10S40 + 410520 +3]

#

3

Vol : Siys dx x=320 = 16

1 . 5
X = 3 0 = /2

= 19-9scoo X = 35140

dX

= 3+ costo do
o = 3 c0sO

-A 10S40 + 41050+

#/2
= 30]

= - (5 + 53 + E1)

= ( - GB) *
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6 [Continued]
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7 The function f is defined by

.vGR.

(a) Sketch the graph of v = f(x). giving the equations of any asymptotcs and the coordinates of' the
points where the curve meets the axes. 131

(b) Hence state the range off.

(c) Explain why the function f 2 does not exist.
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j...> X(2 , %)

Rg : [0 ,
0)

Df : (- 0
, 3) U (3 , 0)

Ry & Df
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13

The domain offis further restricted to x < a. where a is a constant.

(d) State the greatest value of a such that thc function f cxists.

(e) Hence find f -1 (x) and state its domain.

C UCLES & MOE 2023 9758/01/0/N/23

[41

[Turn over

---

***

a = - 2

y =-
-y(3 - x) = 2x + 4

xy
- 3y = 2x + 4

X(y 2) = 4 + 3y

X=
f"(x) : Df : [0 , 2)
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14

8 Do not use a calculator in answering this question.

(a) (i) Express z, where +v'fii, in the form re19, where r > O and —Tt < lt. [2]

8

(ii) Find the smallest positive integer value of n such that is purely imaginary. [3]

O UCLES & MOE 2023

(.0

8 8

co

91SW01KYNf23

⑧*****
z =
cei

arg) = nargz-argiz
*

= nargz-E + argE ↓
=-E

=> (t-(): for KE

=
n =

31 - 1

2

k= ( n = 2
#
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15

(b) Find the complex numbers v and w which satisfy the following simultaneous equations.

2V+lWl=l
3v—iw = —3+4i

Give your answers in the form a+ ib, where a and b are real numbers.
O o

8 8

8

8 8
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=

①
②

Let V= a
,

GEIR

② - in = -3-Sa + 4i

i w = 3 + Sa - 4i

liwl =J+ 18a + 9a2 + 16

-

: Iwl = J9a2 + 18a+ 25

① Iwl= 1 - 2 a

=>Jata+ 18a + 5 = 1- 2a

9a2 + 18a + 25 = 1 - 4a + 4a2

5a + 22a+ 24 = 0

(a + 2)(5a+ 12) = 0

a =- C or
-E

V=

- 2 V =
- E

W =
- 4 + 3i w = - 4 + E i
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9 The line Il contains the point A with coordinates (—3, l, 2) and is parallel to the vector I , where a is

a constant. The line 12 has equation = z —5. It is given that Il and 12 cross at the point B.

(a) Find the value of a and the coordinates of B. [5]

88
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1: v= (2) + <(2) where xe

Mc : v = [ + x() where NEIR

- 3 + 26 = - 2 + 3x = 22 - 3x = 1

1 + x = 1 + 24 = 2 = 21

: X = 1 x = 2

2 + 2a = 6

a = 2

B (1 ,
3

, 3) #
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(b) The plane contains the point A and is perpendicular to 12.

(i) Find the shortest distance from B to Ttl [3]

O O
8

(ii) Hence find the acute angle between Il and ltl [21

8 8

(c) The plane 712 is perpendicular to and contains Il. Find a cartesian equation of Tt2 [31

O UCLES & MOE 2023 975VOl/O.'Nt23 Ililrn over
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T: r . (2) = (i) () = -5

let is be plane containing point B and parallel to it,

Tc : r . (3) = (i)(2) : 15

: Dist=

↳2).(2)
SinP =

Illi
8 = 62 . 980 = 63 . 00

/ (2)x(2) =fi) = (i)
: : r. (2) = (2) · (2) = 15

Tc : - 3x + 4y + z = 15
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10 The mass of a person depends both on daily rate ofenergy intake and on daily rate of energy expenditure.

In this question. mass is in kg, time is in days, and energy intake and energy expenditure are measured
in Calories per day.

The rate of change of a person's mass with respect to time is proportional to the difference between
energy intake and energy expenditure.

Andrew has a mass of Mkg and his energy intake is fixed at C Calories per day. For every kg of his
mass. he expends 30 Calories per day.

(a) Show that — = where t is time and k is a constant.dt

Andrew's initial mass is 1 10 kg.

(b) Find the energy intake such that he maintains his mass at 110 kg.

C UCLES & MOE 2023 975WOl/U'Nt23

00

o o
8

1.0

88

$⑦↑°X))}|}|>$|}$X>\

*

&M <(n-out
= k(c-s0M)

& = 0 C = 110(30)
= 3300 Calories/day
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As part of a new health plan, Andrew fixes his energy intake at 80% of the value found in part (b).

(c) By solving the differential equation in part (a), show that Andrew's mass while he is on the plan
satisfies the equation M = 88 +22e -30kt

O UCLES & MOE 2023 91SVOlUN,Q3 Ilinrn over
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-

C = (640

Am = k(2640 - 30m)
= 30k (88 - m)

Comdm = /30k It

- In 188- m) = 30kt + c

- 30kt
where A = Ie

88-m = Ae

t = 0 m= 110 A = - 22

- 30kt

88 -m = - 22e

- 30kt

M = 88 + 22e * Shown
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10 [Continued)

Andrew's mass after 75 days on the plan is 100 kg.

(d) Find the number of additional days required on the plan for Andrew's mass to fall below 96 kg.

(e) (i) Sketch a graph of Andrew's mass while on this plan. Explain why Andrew cannot achieve a
mass of 80 kg using this plan. [21

o o

ö ö

88

(ii) State the range of possible values ofenergy intake for which Andrew could achieve a mass of
80 kg. Ill

O UCLES & MOE 2023 97SWOlUNQ3

iS

- *

- 30kt

M = 88 + 22e

t = 75 m= 100

- 2250K
12
- = l
22

k=
-

50
int

= InEt
88 + 22e

196

- > 125 . 17

at least 50 . 2 days
~ 51 days

400000/1 . 001)" - 1000 x(1 . 001-11

Ma

110

-
----------- m= 88

> t

From graph ,
t-> 0

, m+ 88kg

Andrew's mass will never reach 80kg.

0 < ( < 2400
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11 Wei is saving for a property that she intends to buy in the future. Wei needs to save a minimum of
$50 000. She saves regularly in an account which offers no interest. She makes an initial deposit on 31
January 2021 of $a. Each subsequent month, she deposits $50 more than she deposited in the previous
month. Her final deposit is made on 31 December 2023.

(a) Find, to the nearest cent, the smallest value of a so that she saves at least $5() 000. [2]

Wei has arranged to purchase a property on I January 2024 with the aid of a loan of $400 000. The
terms of the loan are that interest of 0.1% is added to the amount owing at the start of every month, with
the first interest amount added on I January 2024. Wei makes a monthly repayment of sx at the end of
every month, with the first repayment on 31 January 2024.

(b) Show that the amount, in dollars, that Wei owes at the end of n months is

400000 X 1.001 n - 1000x(1.001 n - 1). [31

O UCLES & MOE 2023 97SWOl/UN/23 over

It⑰)⑱
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So = (2a + 35(50) > 50000

a > $513 . 88

n Start End

40000011, 001) 400000/1 . 001) - X

2(400000 (1 . 001) - x](1 , 001) [400000(1 . 001) - x](1 . 001) -X

= 400000 (1 . 001)"- x(1 + 1 .001)

i-
M 400000 (1 . 001)" - x(1 + 1001 +... + 1001t)

Amt owned : 400, 000 (1 . 001)" -x[,]
= 400000/1 . 001)" - 1000 x(1 . 001-1)
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11 IContinuedl

(c) (i) Suppose that the loan is repaid in 360 monthly repayments. Find the value of the monthly
repayment to the nearest cent. [21

(ii) Use your answer to part (c)(i) to calculate the total interest paid on the loan in this case.

C UCLES MOE 2023 91SWUlAYN/2J

g
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400000/1 . 0013
**

1000 x (1 . 0015 -1) = 0

X = $1323 . 63

Int : $76508 . 52
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(d) (i) Now suppose Wei decides to repay the loan at the rate of $1600 per month for k months, plus
a final monthly repayment of$y, where y < 1600. Find k andy. [41

(ii) Hence find the total saving to Wei by making the repayments in part (d)(i) rather than the
repayments in part (c)(i), giving your answer to 4 significant figures.

8 8 C UCLES MOE 2023 97SVOl/(YNf23

-))}9)}\

-

400000 /1 . 001)k- 1000 (1600) (1 . 001-1) = 0

use G . C
,

K = 287

y = $1320 . 22

5) 15988 . 3 = $15990(45f)
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