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READ THESE INSTRUCTIONS FIRST

Write your Centre number, index number and name on the work you hand in.
Write in dark blue or black pen.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

DO NOT WRITE IN ANY BARCODES.

Answer all the questions.
Write your answers in the spaces provided in the Question Paper.
Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in

degrees, unless a different level of accuracy is specified in the question.

You are expected to use an approved graphing calculator.
Unsupported answers from a graphing calculator are allowed unless a question specifically states otherwise.

Where unsupported answers from a graphing calculator are not allowed in a question, you are required to
present the mathematical steps using mathematical notations and not calculator commands.
You are reminded of the need for clear presentation in your answers.

The number of marks is given in brackets [ ] at the end of each question or part question.
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Solution served as a suggestion only N

1 The function f is defined by f(z) = az® + bz* + ¢z +d, where a, b, ¢ and d are real numbers. Given
that 2 + i and -3 are roots of f(z) = 0, find b, ¢ and d in terms of a. [4]
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Solution served as a suggestion only |

2 Thecurve C has equation y = x? 4 x = 1,

(i) C crosses the x-axis at the point with coordinates (a, 0). Find the value of a correct to 3 decimal
places. (1]

A= 0682 b-C .

(ii) You are given that b > a.

The region P is bounded by C, the x-axis and the lines x = -1 and x = 0. The region Q is bounded
by C, the line x = b and the part of the x-axis between x = a and x = b. Given that the area of Q
is 2 times the area of P, find the value of b correct to 3 decimal places. 4]

ﬁ B x—l\ M = 115 (60)

J’\O X #x-t dx =3-5
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Ffeom 6-C. b=1-892 b>A
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3 A function is defined as f(x) = 2x* - 6x7 + 6x = 12.

(i) Show that f(x) can be written in the form p{(x + g)* + r}, where p, g and r are constants to[l;;
found.

£6) =2 65 -5)

(ii) Hence, or otherwise, describe a sequence of transformations that transform the graph of y = x
onto the graph of y = f(x). (3]

@ Tonelatow | wait loo.cn‘ivc, r-axts  dwection

@ Teavelation 5 gmte  m weﬂa’h“ﬁ J— Gxg  directiov

@ Sm\v@ S amite Pﬁml('/( fo the 8‘-0‘)«&.

I © UCLES & MOE 2019 % 9758/01/0/N/19 [Tk ve I

Scanned with CamScanner



4 (i) Sketch the graph of y = 2% - 10], giving the exact values of any points where the curve meets
the axes. (3]

3,0

Solution served as a suggestion only
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Solution served as a suggestion only e

(ii) Without using a calculator, and showing all your working, find the exact interval, or intervals,
for which |2* — 10| € 6. Give your answer in its simplest form. (3]

(0 «;x:b J)("(D =

X= D x=Y

2 £x<Yy
5K
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§ The functions

f and g are defined by

f(x)=e>* -4, xeR,

gix)=x+2, xeR.

(i) Find f~'(x) and state its domain.

| © UCLES & MOE 2019

let J: (’_)x-l{'
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Solution served as a suggestion only il

(if) Find the exact solution of fg(x) = 5, giving your answer in its simplest form. (3]
t () =
96 =1"(5)

-1
=3 (S’r‘[')

~ xfa=Ind
x= -2+ 3  k
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(4]

n
. . : \ i 1
6 (i) By writing 71 in partial fractions, find an expression for ; Y

5
N
r2(4r—-l

v
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|
ar -1 21

(ii) Hence find the exact value of Z

r=11
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7 A curve C has equation y = xe™,

(i) Find the equations of the tangents to C at the points where x = 1 and x = -1.

(6]
8: XQ—X
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13 W

(if) Find the acute angle between these tangents. [2]

fan € = de
o= .6

Solution served as a suggestion only
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14 .

8 (@) Anarithmetic series has first term a and common difference 2a, where a # 0. A geometric series
has first term @ and common ratio 2. The kth term of the geometric series is equal to the sum of

the first 64 terms of the arithmetic series. Find the value of k. (3]
- z—l) cY (9 ‘_a,(aa))
- = — £
( e’ b (; S“(’ > @
= 40qL [

sogbaza(3”)

(b) A geometric series has first term f and common ratio r, where f, r € R and f # 0. The sum of
the first four terms of the series is 0. Find the possible values of f and r. Find also, in terms of

[ the possible values of the sum of the first n terms of the series. (4]
RGeS
¥ r-|

£ (- (D)

— =D
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I © UCLES & MOE 2019 =4 9758/01/0/N/19 I
2. 9

Scanned with CamScanner



15

(¢) The first term of an arithmetic series is negative. The sum of the first four terms of the §eﬁes is
14 and the product of the first four terms of the series is 0. Find the 11th term of the series. [4]

| © UCLES & MOE 2019

§q= %(JM 30‘) = It

Ja¢3d=%
a (o4 4)( at2d) (4t 3d) =0

& a-o0 o=-od a=—Jd a=-3d
(g
f o=-d D ddv2o=7
A=+

¥ az-2d 2 d=-F () vaz?

f oaz-3d =2 d= - (ry) a0

R O(F) = 85
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9 (i) The complex number w can be expressed as cos 6 + isin 6.

(2]

I ;
(a) Show that w + - isa real number.

L 9 -
Wt = ¢ +t
_ s brtimb ¢ wsEo) + iom [-9)
= Qs €W X Qoo
-1
(b) Show that ::"_ 7 can be expressed as k tan %9, where k is a complex number to be found.
(4]
& i —'.%)
W-t o %o e (e -¢
L AT
W C"\ e"(e”‘*c)
_ _‘Nsm% »
) LS
ot
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(ii) The complex number z has modulus 1. Find the modulus of the complex number 12:33]12 [5]
2-3i z(\—l-%;,')
‘ ITB'H:\ 1+ sie
- || " ) () l oAt
|+ 312 \
RN S
\¥ *(3 1) \
=\~ -
|t 312
%
2 (e 3iz) -
- / -
|+ 3%
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10 A curve C has parametric equations

X =a(2cos 0 - cos20),
Y =a(2sin B -sin20),

for0 < 0 < 2n.

(1) Sketch C and state the Cartesian equation of its line of symmetry. (2]
~d
25
x
-3p a ’
-5

lw, Uffymme’fﬁ : \\j=°

(ii) Find the values of 6 at the points where C meets the x-axis. (2]
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Solution served as a suggestion only N

(iii) Show that the area enclosed by the x-axis, and the part of C above the x-axis, is given by

6
J " a?(4in?@ — 6sin Bsin 20 + 2 sin” 26) 6,
9|

where 6, and 6, should be stated. (31
4 .i’f = a (—.\sm&-& JSm 10’)
MR v
=30

1]

fo Qa (Jtm 0) [ ) (’MWB’-& l.?m)v)> plig
T

]

j‘ a’(- famt b + 4omg M)yt demtr emdb” ~ JSM‘W) &
(

r‘ "\,(4$M10’ - Luvp em20 4 acm‘w) do

0
6’(':0 9)"‘“

(iv) Hence find, in terms of a, the exact total area enclosed by C. (51

SIT‘ 0\’(49016,__ [avg em26 4 39“4‘)9:) do

0

= 311&1

v
Tl ovea 67 P
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20
11 Scientists are investigating how the temperature of water changes in various environments.

(i) The scientists begin by investigating how hot water cools.

The water is heated in a container and then placed in a room whth is kept'at a constar'n
temperature of 16 °C. The temperature of the water f minutes after it 1s placed in the room is
0 °C. This temperature decreases at a rate proportional to the difference between the temperature
of the water and the temperature of the room. The temperature of the water falls from a value of
80°C to 32 °C in the first 30 minutes.

(a) Write down a differential equation for this situation. Solve this differential equation to get
0 as an exact function of ¢. (6]

Let & be e towp f woter ot time t.

.‘ig = -—\4(_9"\">
ot

i e

I"'l"’”’\ . -kt re

-kt t
o= [b+de whave A= 12

{=0 ) 9’:10. = R:=(4

-kt
o= bt bk e
Y=% | B- 32
-3k L4
f‘ e k= ZDI
.t
3v
g bt b (4)
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Solution served as a suggestion only

(b) Find the temperature of the water 45 minutes after it is placed in the room. [1]
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11 [Continued]

(i) The scientists then model the thickness of ice on a pond.

In winter the surface of the water in the pond freezes. Once the thickness of the ice reaches 3 cm,
it is safe to skate on the ice. The thickness of the ice is 7 cm, ¢ minutes after the water starts
to freeze. The freezing of the water is modelled by a differential equation in which the rate of
change of the thickness of the ice is inversely proportional to its thickness. It is given that T = 0
when ¢ = 0. After 60 minutes, the ice is 1 cm thick.

Find the time from when freezing commences until the ice is first safe to skate on. [6]

U

112 -
31" = kL tl

’(""-'O . T_’O ‘{",\L‘A C‘o

£z 60 T=\
L=k ks
J—qufl——t
> 120
> =z 540 mmi
whea T=3 t= ok P
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P(2,2,4)

P NORMAL

S(-5,-6,-7)

A ray of light passes from air into a material made into a rectangular prism. The ray of light is sent
-2

in direction ( -3 ) from a light source at the point P with coordinates (2, 2, 4). The prism is placed
-6

so that the ray of light passes through the prism, entering at the point Q and emerging at the point R

and is picked up by a sensor at point S with coordinates (-5, —6, =7). The acute angle between PQ

and the normal to the top of the prism at Q is 8 and the acute angle between QR and the same normal
is B (see diagram).

It is given that the top of the prism is a part of the plane x + y + z = 1, and that the base of the prism is
a part of the plane x + y + z = -9. It is also given that the ray of light along PQ is parallel to the ray
of light along RS so that P, Q, R and S lie in the same plane.

(i) Find the exact coordinates of Q and R. (5]
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Solution served as a suggestion only

12 [Continued]

(i) Find the values of cos 8 and cos B.

B ()]

-

os$¢= —"77 px|

Hin

(iii) Find the thickness of the prism measured in the direction of the normal at 0.

& I &-’&\ l-é_’l\
COSP - I &’E\ —% (30
R, R . (%J'(To (u)’s’tt?)
g \QR‘\ - 255
. B
* 73
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Solution served as a suggestion only B

Snell’s law states that sin 8 = k sin 8, where k is a constant called the refractive index.

(iv) Find k for the material of this prism. (1]
e B o omp = TR
H 2|
1315
csp- UB o empeSoe

we j"‘ LA Jwo e
e :m’;— \r__ :‘—

(v) What can be said about the value of k for a material for which g > 6? (1]
-1 3 4 WJsio
- = —_—
o= (o€ 5 [? %5 oo
?
~ 130
0 ~
~ It
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