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present the mathematical steps using mathematical notations and not calculator commands.
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A function f is defined by f(x) = ax® + bx> + cx + d. The graph of y = f(x) passes through the pc;ints
: 1
(1, 5) and (-1, —3). The graph has a turning point at x = 1, and J f(x)dx = 6.
0

Find the values of a, b, ¢ and d. (5]
“n); Mbtcfdsﬁ =0,
()= -t tb-cxd = 3 —©

L) = 3k 4 Ibx £ C
1= 3t dpte 20— B
g(%o\x Hfrm +J~\aﬁ+ C?z/{—o\)CI

> datdbigerd=06 —(®

Fom GC: =Y be - ¢=0 o=T

9758/01/0/N/21 [Turn over I




Suggested Answers ) =

2 (a) Sketch,-on the same axes, the graphs of y = [x% - S5|land y =2x-1. [2]

(3.236, 5.472)

\ |

6, 2.292)

(-2.236,0)

3= 4 6
/ (2.236,0)

(0,-1)

(b) Find the exact solutions of |x2 -5 |=2x-1. [4]

(oo a)w()]/\

y
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' L1
A curve has equation x2 + y2 =3, forx >0 and y > 0.

dy B y %
(a) Show that — ‘_(}) .

(b) Find the equation of the normal to the curve at the point where x = 1,

oot 8

— .—Z
-

Cvad o wrwal :
y-te 3 lr)

*
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6
4 Do not use a calculator in answering this question.

The complex number z is given by

- (cos(—n) + i sin(

16

1
16°
|

2
i

cos(gm) — i sin(

(a) Find |z| and arg(z). Hence find the value of Z2.
l"‘j obeay vartron

12| = |

&y L+p)i
T = _CQ;_), - eQ

,‘%1
Z1
e - e

0 =%
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(b) (i) Show that

(cos @ +isin0)(1 +cosB —isin@) =1+ cos B +1isin 6.

e _16
[ e")

¢
= p -+l

= |+ cosp-f io;mﬁ/%

(i) Hence, or otherwise, find the value of (1 + z)* + (1 + z*)*.

(et fee®)’
= e (ne®)t 40

(2)'(#)
:(H@)(H(’,>
k V()
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5 (a) Express *+2) (xf 3+ 4) in partial fractions.
‘_//E - fﬁ——— ~ —%— iy 'é"
(7%& ) Q(@Xma@ ML RER T Xy

b x=-+  ** )

I8
~ K
o - - /' - —)—
xe -4 C )
\ >
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n
(b) Hence find, in terms of n, Z

r=1

-
(r+2)r+3)(r+4)

\

"

: . L

(c) State the value of; 103 i ) = b [1]
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1
6 A curve C has equationy =
Vdax - x*

(a) Sketch C and give the equations of any asymptotes, in terms of a where appropriate. [4]

, where a > 0.

40\7(_«-)<2:‘ 0
= 4o o O

X Ya o 0

J A ,'
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!
\_?7
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11

(b) Find the smallest possible value of y in terms of a. [1]

[3]

1
(¢) Describe the transformation that maps the graph of C onto the graph of y = \/2_x2
4a” -
[

————’_———-

C: J7 Jart -

!

[T we
|
- J - [(xflmyr 'm"]

" ~(x-)n) tko"
|

—
—_—

T 4y

o x = xt)a M TR
Teanglate a wift W wegetl Y dirgetn
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7 Itisgiventhaty =" ¥, for -1 <x < 1.
(a) Show that (1 ~ _x2)dx2 _x9+y

{V\ 3:: gw\ ‘X

Loy !

YT T

Ji-x* % = j

(- A% =1

= x4 ()05 o\x’>’ (5

~x(a><) £ (X) ;&%3

(- X”)(%) = {86+ £
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(b) Find the first 4 terms of the Maclaurin expansion of eSin %

()~ 26

'37‘(%) £ (1- ’)(%1) - 2Lx x%» f%‘&

\ 2
f6)= 1% x4 %+ gx 1.
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8  The lines [, and [, have equations

o) e (1))

respectively, where A and u are parameters.

(a) Find a cartesian equation of the plane containing /, and the point (1, -3, —1).

F5)-3)=(3)-- (%)
By () {53 (0)-+(2)
) (1) 13)- =

=) Xt oT= -3 _

(b) Show that [, is perpendicular to [,.

4)-(4)

= d-brk%=C LA
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(¢) (i) Find values of A and u such that r —r,is perpendicular to both l and l State the position
vectors of the points where the common perpendicular meets I, and L, [6]

T ALR-M
V‘-' (')/ = ngg ),
Ve

1+2A -
| =34 —)/A
2+ —4

49 ’.)}A’?qa’\‘é/&{ﬂf‘f»/{/\ = - kg% -3

gt= —tlf
F42h-M l
1-37\«/4)' 2 \=0
3t A-44 t

A=\
3ﬂfﬁt-Lﬂ/)/v¥4ﬂ’l@“:"?“2—

~tipm=-11
M= |

-2
pogrian vechrd ave [5) (ﬂ

(ii) Find the length of this common perpendicular. [2]
C <3 4
5 3'-( 2\ 2 )
4' PEE———
\( \\\:J b+t %%
%
- T
= 27, ynitd
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9 A function f'is defined by f(x) = e* cos x, for 0 < x € %n.
(a) Using calculus, find the stationary point of f(x) and determine its nature.
.f ()= ¢ coex

F‘(@ s-efomx 4 el otk =0
T otk = OK

fangk = |
PO 72 {(%>= (-85

') = - efomm ¢ [- ) ottt [- e emrs e"cosx‘]

V(IV: Ly, %enT 20 v SME7O
{ [4) e 7z % (% 75

SMWLVJ prt [%, \-83) A Marvud lswr%.

(b) Integrate by parts twice to show that

ez"cos?.xdx=zlt—ez"(sin2x+cos2x)+c. ’ 2,(
> 3x An
qu*‘coc}xo\x= ltxﬂné)f— fe SM)?‘ dx Ax =

= é o Fomdx — [ﬂg ¢>ordnk _(’Q,»C cox)x»\fj l;t—— 2
J ['?-ax ok = i e}"[ M dxt cocl)<> <C

3* X
=) K@,&K(og)xa&;(: %}e [gm}m (03P f('c&

| © UCLES & MOE 2021 E‘% 9758/01/0/N/21

[5]



DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

Suggested Answers . []

where transFormAtion begins
~—

Solutions serve as a suggestion only.
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(¢) The graph of y = f(x) is rotated completely about the x-axis. Find the exact volume generated.

1) [4]
Viaf o

Yo ¥ 2
n (e s A
9,
. Lhc’x@s_é?_fi\> A
it f:h e x0T M
v/
Ji'rl [(I‘% e (xmlxvf(orb‘> t ée’*lo ”

Suf (1) +3e) - G D)

n

[}

\0

13

)]

=5 (F¢7-3)

= -glﬁ(_e'q-&) Mm(t&gﬁ
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10 Scientists model the number of bacteria, NV, present at a time ¢ minutes after setting up an experiment.
The model assumes that, at any time ¢, the growth rate in the number of bacteria is kN, for some
positive constant k. Initially there are 100 bacteria and it is found that there are 300 bacteria at time
t=2.

(a) Write down and solve a differential equation involving N, ¢ and k. Find k and the time it takes
for the number of bacteria to reach 1000. [4]

\f’:\l- N rf\r"‘- At

w V| = ke te
c
M.—,AQH' whave A=te
< =00 Q“‘E)t
F[./ O Vi MA(O [00'0 - 0D e 3%
- n
= l;)\lo— 00 e,M/ Tioe tf
'DQL/N¢;00 lo.:_gz
3‘_ Q/a“h (v w - 'E_
- w3 2
ln 2=k e 418wt

‘( = 'l;_ IV\% = l'/\\E
The scientists repeat the experiment, again with an initial number of 100 bacteria. The growth rate,
kN, for the number of bacteria is the same as that found in part (a). This time they add an anti-bacterial
solution which they model as reducing the number of bacteria by d bacteria per minute.

(b) Write down and solve a differential equation, giving ¢ in terms of N and d. Hence find N in terms
of t and d. [5]

dN -
dil _ en-d
\
g dv=fas
A ln|eNd| = 24 &
la|ENed| = Bt 5
eN-d= Ae™t whe K-te
ke W2
pATIES
(mE)N -4= A e;
- A(3%)
wlaw §=0, N=100
owm Tz ~ol = &
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V\@N (loolvds A)S +‘7{

%
N - (50'"‘?’ 4 )" L

VT EN

(i) Find the range of values of d for which the number of bacteria will decrease. (1]

d>kN

A S Q\/\Ti)ld

(ii) In the case where d = 58, find the time taken for the number of bacteria to reach zero. [2]

0 CQOO\MZ —68) L3%> + 6&

2 @oé%@(gw)
% = 2615
4,- 535

S
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11 Civil engineers design bridges to span over expressways. The diagram below represents a bridge over
an expressway, PS.

r.
3o

0 P Expressway S c

In the diagram, PQ and SR are parallel to the y-axis, and PQ = SR. The arch of the bridge, QR, forms
part of the curve OQRC with parametric equations

x =a(8 —sin 9), y=a(l -cos @), for 0 £ 0 < 2n,

where a is a positive constant. The units of x and y are metres.
At the point Q, 6 = 8 and at the point R, 8 = 2n — 3.

(a) Find, in terms of a and S, the distance PS. 2]

XP: A(fg - GM/Z>

XQ: A ( .\w/; — (M-—/%))
= o (om-p ~fwn[%)

\l

PC m[)r,ff;w/z/n/g —a(p- w/%)

ﬁ(&wkwwg#wNMﬂ>
- )A(WﬂP*QMF>

1
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(b) Show that the area of the shaded region on the diagram, representing the area under the bridge, is

3a*(6m — 6 + 8 sin  — sin 2P). [6]

\

rp‘% a [ 1-co3) (8)(1-0r®) A
P

-

Mz J’@ i (lffow)b d9'

\l

i‘nrp .
- 0'1! | = dwsh o8 & A&

i
- 5
= M'LS'F- ﬁ,’ dwos® T '@’gi Ao

-
" Lw)ﬂw t zf'-wéb‘*iﬁ‘:(P
o [Ber-p toep-faip) - (p-3eop 7 )]

o [sn-2p £ 4cap ~{ a2 ]

- nr - —_ px
-5 v -lp t Fonp smfi;_%w

|

il

(c) Itis given that the area under the bridge, in square metres, is 7.8159a2. Find the value of B. [1]

l2 (611/ (9[; +g§|w{}"i’ml/;> = :’r"g [gﬁ
p =181 don &L
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11 [Continued]
(d) The width of the expressway, PS, is 50 metres. Find the greatest and least heights of the arch,
(4]

OR, above the expressway.

PC = ;D\(TIK'IZ *Clmi&)
50 = Do T- 1 HBE I (8913
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